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Introduction Einstein’s Equation and Energy Condition

Einstein’s Equation and Energy Condition

Einstein’s Equations can be derived from a variational principle:

S =

∫
d4x
√
−g
(

R

16πG
+ LM

)
−→ Rµν −

1

2
Rgµν = 8πGTµν

where Tµν = −2√
−g

δSM
δgµν is the energy-momentum tensor.

Weak Energy
Condition:
Tµνt

µtν ≥ 0
⇒

Null Energy
Condition:
Tµν`

µ`ν ≥ 0

Strong Energy
Condition:
Tµνt

µtν ≥ 1
2T

λ
λ t

σtσ

Dominant
Energy
Condition:
Tµνt

µtν ≥ 0
TµνT

ν
λt
µtλ ≤ 0
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Introduction General Proprieties of Black Holes

General Proprieties of Black Holes

A vector field generating an isometry is a Killing vector:

∇(µKν) = 0

1 Event Horizon: A null hypersurface , where g rr (rH) = 0
2 Killing Horizon: A hypersurface where a Killing vector becomes null

KµKµ = 0
3 Stationary Limit Surface: The hypersurface where the timelike

Killing vector becomes null.
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Introduction Schwarzschild solution

Schwarzschild solution (1)

A metric with a Killing vector that is timelike near infinity is called
stationary

If the Killing vector is orthogonal to a family of hypersurfaces, the
metric is called static

ds2 = −
(

1− 2GM

r

)
dt2 +

(
1− 2GM

r

)−1

dr2 + r2dΩ2

Theorem (Birkhoff)

Schwarzschild metric is the unique vacuum solution with spherical
symmetry.

Federico Masella (UNICA) HBH 5 / 20



Introduction Schwarzschild solution

Schwarzschild solution (2)

Figure: Schwarzschild coordinates

−→

Figure: Eddington-Finkelstein
coordinates

Figure: Kruskal coordinates
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Introduction Kerr Solution

Kerr Solution

In Boyer-Lindquist coordinates:

ds2 = −
(

1− 2GMr

ρ2

)
dt2 − 2GMar sin2 θ

ρ2
(dtdφ+ dφdt)

+
ρ2

∆
dr2 + ρ2dθ2 +

sin2 θ

ρ2

[(
r2 + a2

)2 − a2∆ sin2 θ
]
dφ2

where ∆(r) = r2 − 2GMr + a2 and ρ2(r , θ) = r2 + a2 cos2 θ
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No Hair Theorems Motivations

Motivations

Uniqueness of
solutions;

Black Hole
Thermodynamics;

Stability of solutions;

Black Hole mimics;

GW or EM test in
astrophysical
environments.
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No Hair Theorems Uniqueness Theorems

Uniqueness Theorem [Israel - 1967]

For a general static metric:

ds2 = −V 2(x i )dt2 + hij(x
i )dx idx j −→

{
hij∇̃i∇̃jV = 0

∇̃i∇̃jV − R̃ijV = 0

Assumptions on the spacetime:
1 Asymptotic flatness ⇒ The space Σ is asymptotically Euclidean;
2 It has an event horizon ⇒ V has zeros on Σ | V (x i ) = 0 is a

connected regular smooth surface;
3 No singularities on or outside the event horizon ⇒ R2 = RµνσρR

µνσρ

is finite everywhere on Σ for 0 ≤ V < 1

Theorem (Uniqueness for static black holes)

Any static solution of Einstein’s vacuum equations satisfying conditions
(1)-(3) is spherically symmetric and coincides with the Schwarzschild
metric
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No Hair Theorems Uniqueness Theorems

Uniqueness and beyond
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No Hair Theorems Electro-vacuum vs. scalar-vacuum

Electro-vacuum vs. scalar-vacuum

LE =
R

4
− 1

4
FµνF

µν

Electric field described by the
gauge potential A = φ(r)dt

∇µFµν = 0⇒ φE (r) = −QE

r

TE
µν = FµαF

α
ν −

1

4
gµνF

2

(TE )
(µ)
(µ) = ∓Q2

E

2r4 → R-N Black Hole

QE =
1

8π

∮
∂Σ

FµνdSµν

LS =
R

4
− 1

2
∇µΦ∇µΦ

Scalar field described by the
radial profile Φ(r)

�Φ(r) = 0⇒ Φ =
QS

2M
ln

(
2M

r
− 1

)
T S
µν = ∇µΦ∇νΦ− 1

2
gµν(∇Φ)2

(T S)
(µ)
(µ) = ∓Q2

S

2r4

(
1− rH

r

)−1 → ∅

Φ(R) =
QS

2Mµ
ln

[
R −M(µ− 1)

R + M(µ+ 1)

]

Federico Masella (UNICA) HBH 11 / 20



No Hair Theorems No-scalar-hair theorems

No-scalar-hair theorem [Bekenstein -1972]

1 Canonical and minimally coupled scalar field

L =
R

4
− 1

2
∇µΦ∇µΦ− V (Φ) ⇒ �Φ− dV

dΦ
= 0

2 Scalar field inherits the spacetime symmetries

∂tΦ = 0 = ∂φΦ ⇒
∫

d4x
√
−g
(
∇µΦ∇µΦ + Φ

dV

dΦ

)
= 0

3 The potential V obeys:

Φ
dV

dΦ
≥ 0 ⇒ Φ = const.
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No Hair Theorems No-scalar-hair theorems

Non minimally coupled or non canonical theories

1 Non minimally coupled theories [Hawking - 1972]

Example (Scalar-tensor theories)
Brans-Dicke theoy:

LJ
BD =

1

16π

(
ϕR̃ −

ω0

ϕ
∇̃µϕ∇̃µ

ϕ

)
+ Lm(g̃µν ,Ψm)

LE
BD =

R

4
−

1

2
∇µΦ∇µΦ + 4πLm

(
gµν

ϕ
,Ψm

)
Sotiriou-Faraoni theory:

LJ
ST = LJ

BD +
U(ϕ)

16π
→ LE

ST =
1

4π

(
LE

BD + V (Φ)
)

∫
d4x
√
−g

[
d2V

dΦ2
∇µΦ∇µΦ +

(
dV

dΦ

)2
]

= 0 ⇒ d2V

dΦ2
≥ 0

2 Non canonical scalar field theories [Hui and Nicolis - 2013]

Example (Galileon theories)

L = L2(X ,Φ) + L3(X ,Φ,�Φ) + · · · where X = − 1
2

(∂Φ)2 → JR = 0 ⇒ Φ = const.
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No Hair Theorems No-scalar-hair theorems

From old to novel No-Hair Theorems

1 We start with the assumption on the potential

Φ
dV

dΦ
≥ 0

2 Violation of assumption 1 need convex potential energy:

d2V

dΦ2
≥ 0

According to scaling techniques any hairy Black Hole must satisfy the
virial relation:∫ ∞

rH

drσ(r)

[(
2rH
r

(
1− m

r

)
− 1

)
1

2
r 2

(
dΦ

dr

)2

+

(
2rH
r
− 3

)
r 2V (Φ)

]
= 0

3 [Heusler - 1992] The potential energy is non-negative (SEC):
V (Φ) ≥ 0

4 [Bekenstein - 1995] Energy density non-negative (WEC):
ρ = 1

2 (∂Φ)2 + V ≥ 0
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No Hair Theorems No-scalar-hair theorems

More generic scalar fields

Energy-momentum tensor must share the symmetries of the geometry:

1 [Pena and Sudarsky - 1997] Complex scalar field with harmonic time
dependence: Φ ∼ e−iωt ruled out assuming minimally coupling, WEC
and Pr ≥ Pt

2 [Graham and Jha - 2014] Theories with:

L =
R

4
+ P(Φ,X )

Assuming the NEC (so rigidity theorem holds), using Einstein
equations and Rtr = 0 = Rtθ

∂tΦ∂rΦ = 0 = ∂tΦ∂θΦ ⇒ P = P(X ) ⇒ Φ = αt + β
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No Hair Theorems No-scalar-hair theorems

No-Hair in asymptotic AdS spacetimes

AdS/CFT corrispondence: holography and scalar condensate;

Hairy Black Hole solutions stabilized;

Scalar field may have negative m2, without destablizing the AdS
vacuum, provided m2 is above the Breitenlohner-Freedman (BF)
bound.

Potential energy on the verge of
violating the Positive Energy
Theorem
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Black Holes with scalar hair HBH in non minimally coupled theories

Conformal scalar-vacuum

L =
R

4
− 1

2
∇µΦ∇µΦ− 1

12
RΦ2

One find the Bocharova-Bronnikov-Melnikov-Bekenstein (BBMB)
Black Hole Solution [1970] :

ds2 = −
(

1− M

r

)2

dt2 +

(
1− M

r

)−2

dr2 + r2dΩ2

with secondary hair Φ =
√

3M
r−M

This is related to scalar-tensor theories:

ϕ = 1− 1

3
Φ2 ⇒ ϕ =

r(r − 2M)

(r −M)2
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Black Holes with scalar hair HBH with complex scalar field

Kerr BH with scalar hair [Herdeiro and Radu - 2014]

L =
R

4
−∇µΦ∗∇µΦ− µ2Φ∗Φ → �Φ = µ2Φ

Φ = e−iwte imφS`m(θ)R`m(r)

Superraradiance threshold: ω = mΩH → bound states → scalar clouds
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Black Holes with scalar hair HBH with generic form of the potential

A general method for solving the field equations

Several solutions was found by a scalar potential engineering ;

[Cadoni, Serra, Mignemi - 2011] Reversing the usual method one can
solve field equations with an ansatz for the radial profile of the scalar
field.

S =

∫
dd+2x

√
−g
(
R − 2(∂Φ)2 − F 2 − V (Φ)

)
ds2 = U(r)dt2 +

dr 2

U(r)
+ R2(r)dΩ2

(ε,d) → Y ′ + Y 2 = − 2

d

(
Φ′
)2

Cadoni and Franzin - 2015

Hairy Black Hole solution for Φ ∼ 1
r with JNWW solution as extremal limit

We’re looking for AF solutions with spherical horizons
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Conclusions

Conclusions

Black Holes solutions with hair can be found in several ways;

Do these solutions possesses primary hairs?

Are these solutions stable?

Is the dynamical spirit of the no-hair conjecture been falsified?

Is any of these models phenomenologically interesting?
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