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Introduction: the (Galilean) principle of relativity

@ We can characterize the symmetries of a physical system by the group of transformations that
leave invariant its laws of dynamics

All observers connected by that set of transformations describe the laws of dynamics in the
same form; they describe the same physical laws
(in a physical jargon) the laws of motion are covariant under the action of those transformations

This defines the class of inertial observers

For instance in special relativity the inertial observers are the class of observers connected by
the Poincaré transformations, and describe the same laws of (special relativistic) dynamics
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leave invariant its laws of dynamics

All observers connected by that set of transformations describe the laws of dynamics in the
same form; they describe the same physical laws
(in a physical jargon) the laws of motion are covariant under the action of those transformations

This defines the class of inertial observers

For instance in special relativity the inertial observers are the class of observers connected by
the Poincaré transformations, and describe the same laws of (special relativistic) dynamics

Galilean relativity is the relativistic framework in which Newtonian mechanics takes place

The laws of (Newtonian) dynamics are the same for all inertial

(Galilean) principle of relativity: observers (connected by the Galilei transformations)

In Galilei relativity there is no observer-independent scale. The dispersion relation is written as

E= pz/ (2m) (whose structure fulfills the requirements of dimensional analysis without the need
for dimensionful coefficients), and is covariant under the Galilei group of transformations
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@ As experimental evidence in favor of Maxwell equations started to grow, the fact that those
equations involved a fundamental velocity scale appeared to require (assuming the Galilei
symmetry group should remain unaffected) the introduction of a preferred class of inertial
observers (the “ether”)
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symmetry group should remain unaffected) the introduction of a preferred class of inertial
observers (the “ether”)

o Einstein’s Special Relativity introduced the first observer-independent relativistic scale (the
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crucial role for what concerns dimensional analysis), and the presence of ¢ in Maxwell’s
equations is now understood not as a manifestation of the existence of a preferred class of
inertial observers but as a manifestation of the necessity to deform the Galilei transformations
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@ As experimental evidence in favor of Maxwell equations started to grow, the fact that those
equations involved a fundamental velocity scale appeared to require (assuming the Galilei
symmetry group should remain unaffected) the introduction of a preferred class of inertial
observers (the “ether”)

o Einstein’s Special Relativity introduced the first observer-independent relativistic scale (the

velocity scale c), its dispersion relation takes the form E2 = ¢2p? + ¢*m? (in which c plays a
crucial role for what concerns dimensional analysis), and the presence of ¢ in Maxwell’s
equations is now understood not as a manifestation of the existence of a preferred class of
inertial observers but as a manifestation of the necessity to deform the Galilei transformations

o The Galilei transformations would not leave invariant the relation E2 = c2p2 +¢*m? , which is
instead covariant according to the Lorentz transformations (a dimensionful deformation of the
Galilei transformations)

Lorentz-Poincaré (in special relativity) transformations, enforce covariance of Maxwell

equations of motion, so that the velocity “c” of light is the same for all inertial observers
(without the need for an ether).



Introduction: Maximally symmetric spaces — de Sitter

Both “Newtonian” and Minkowski spacetime fall within the class of maximally symmetric
spacetimes. In 4 dimensions these are characterized by 10 symmetry generators, classified as 3
rotations, 3 boosts, 1 time translation and 3 spatial translations



Introduction: Maximally symmetric spaces — de Sitter

Both “Newtonian” and Minkowski spacetime fall within the class of maximally symmetric
spacetimes. In 4 dimensions these are characterized by 10 symmetry generators, classified as 3
rotations, 3 boosts, 1 time translation and 3 spatial translations

Maximally symmetric spacetimes are homogeneous and isotropic. The most general of these are de
Sitter (and anti-de Sitter) spacetimes. The others can be considered as specific limits (contractions) of
these (Bacry+Lévy-Leblond,1968)

Newton-Hooke c— 00 (anti-)de Sitter
H—=0 H—0
v c— 00 \Z
Galilei< SR

de Sitter spacetime is a solution of FRW equations describing an accelerating empty universe with
cosmological constant A. It can be considered a deformation of special relativity in terms of a time

scale H™! = ¢/(VA/3)

(I will not consider anti-de Sitter)



Outline

@ Galilean relativity in covariant Hamiltonian formalism
@ Covariant Hamiltonian formalism
o Galilean relativity

© Special relativity as a deformation of Galileian relativity
@ Poincaré algebra
@ Relative rest and relative simultaneity
@ Loss of simultaneity and synchronization of clocks

@ de Sitter relativity
@ de Sitter particle in covariant Hamiltonian formalism
@ Non-commutativity of translations
@ Redshift as relative locality in momentum space

© DSR theories
@ DSR example: x-Poincaré
@ Relative locality: an insight
o “lateshift” (time-delay)

@ Outlook
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@ Galilean relativity in covariant Hamiltonian formalism
@ Covariant Hamiltonian formalism
o Galilean relativity
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o d ) symplectic transformation
Hamiltonian vector field Xp=—={fk),"} R
ds (preserves the symplectic structure )

Any f (k) = H can be used as Hamiltonian, and its flow determines the equations of motion, as evolution in terms of
the parameter 7:

I d
Hamiltonian flow == {H,} . (Ballentine(1998))

An infinitesimal symplectic transformation generated by f (k) is k' =k+6k=k+elf,kl
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infinitesimal symplectic transformations that leave the Hamiltonian invariant, i.e. of the symmetry transformations
(under which the equations of motion are covariant)
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Finite transformations

2 3
k(s) = ko + 5 (G, k) |O + % (G.AG. K} |0 + % (G.(GG. kM| +++ = exp(sG) >k (Lie algebra — Lie group)



Galilean relativity

Galilean group — Lie algebra (leaves invariant the metrics g, = diag (1,0,0,0) ¢*” = diag (0,1, 1, 1) ) (central extension G X (m))
(Ardenghi+Castagnino+Campoamor-Stursberg(2009))
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Covariant (constrained) Hamiltonian system, the motion emerges as the unfolding of a Gauge transformation, time
and space are treated more symmetrically (Henneaux)
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Galilean relativity

Galilean group — Lie algebra (leaves invariant the metrics g, = diag (1,0,0,0) g"” = diag (0, 1,1, 1) ) (central extension G X (m))
(Ardenghi+Castagnino+Campoamor-Stursberg(2009))

{pip =0, {popi} =0,
{R. R =R, {Ripo) =0, {Ripi} = gupr,
NN =00 (RN =N (NG =p (Npe = Gm.
)
C= mpg - %

Casimir/Hamiltonian constraint — physical motion — “on-shell relation” (w is the “internal energy”)

= =
H—0 =
H=C—mw=mp0—p——mw. —_— po(pj)=ip +w (po = E)
2 2m

Covariant (constrained) Hamiltonian system, the motion emerges as the unfolding of a Gauge transformation, time
and space are treated more symmetrically (Henneaux)

po.xo} =1, {po,x}=0,
phase space: R; = uxipi , N; = x;m — xop;
{Pjsxo} =0, {pjvxk} = —0jk
d.
Xo = Al {H,x0) =m
. dr = b -
Eq. of motion: d = X (0 = X+ = (X0 — %o)
= 7 g A= p. m
N= g T {H’XJ} =Dj
% X d
velocity of a free particle V() = o) _ — = lﬁogﬁ) P
dxo Xo 1H=0 Bp m



Galilean relativity

Rotations: {Rj,Rk} =euR — [R,',Rk] = euR;

exp (@ R) = exp (i@ - &) ( 0 1 ) (
g = s 02 =
1 0

—cos(a)]l + 'sin(a)A
= > 1 > o

SU(2) (or SO(3))
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Rotations: R, R} = euRi  —  [R,Re| = guRi SU2) (or SO(3))
exp (@ R) = exp (i@ - &) ( 0 1 ) ( o _i ) ( Lo
o] = s> 02 = ; s 03 =
:cos(g)]l+isin(g)d~0' 1o ! 0 U )
2 2
— summation law of angles exp((y/R,-) exp(ﬁ’R,-) = exp((a ® BY R) (Baker-Campbell-Hausdorff)

2cos”! (cos(%)cos(%)— Sin(%)sm(g) Q-
sin cos™! (COS(%)COS ‘—23) - Sin(%%‘
x (cos (§) sin(5)B, + sin () cos (8) d; —sin () sin(§) (4 1 3))
a®L#ELOa
(@ep)ey=a®Boy)

(a eaﬁ)_,- =

Notice that it is non-commutative but associative:

Galilean boost: exp (5 . ]V) [Nj, Nk] =0 (abelian)

. N . . fox=E+x
summation law of velocities is obviously linear: (
udv=u+v

<l
I
fu



Outline

© Special relativity as a deformation of Galileian relativity
@ Poincaré algebra
@ Relative rest and relative simultaneity
@ Loss of simultaneity and synchronization of clocks



Special relativity

¢! deformation of (extended) Galilei algebra
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Special relativity

¢! deformation of (extended) Galilei algebra
(ot =0, {po.pi} =0,
{R/,Rk} = €k, {Rj,Po} =0, {R/,Pk} = €upi
} SR

INSE) = (5] = V. (= () =

1 1 !
SR G SR SR
= —pY +mc = N, = =9; s N =D
Po = P {'p"} e {’pO} P
1
SR
Nf = cN]G = cmx; — CXOGH; + ;ijg = XngR - ngp.f



Special relativity

¢! deformation of (extended) Galilei algebra
{prpd =0, {pop}=0.
{R/,Rk} = €k, {Rj,Po} =0, {R/,Pk} = €upi
‘) =

SR

INSE) = (5] = V. (= () =

= %p(? wme = {Nop = % iy NPyt = %pj

1
SR _ .G _ G G _ . SR_ SR
Nf = CN/ = cmxj — cxg pj + ;xjpo =Xpy — X Pj

(procedure: inverse of Inonii-Wigner contraction)



Special relativity

¢! deformation of (extended) Galilei algebra
{prpd =0, {pop}=0.
{R/,Rk} = €k, {Rj,Po} =0, {R/,Pk} = €upi
‘) =

SR

(VR NGRS = —guRi, (R, NE®) = uNy®, (N3, pif) = p, (MR, pu} = ik,

1 1 1
Py = ;Pg +me = {thk} =2 Do {Nf»P(S)R} =P
1
N® = eNf = emx; — exp; + ;ijg =P =X Py

How the Casimir changes:

o) =
Cg — mpg - % + Tiz (Pg)z = % (P(S)R)z _L %mzc2

2 =
Csg = 2Cg + m*c* = (p(SJR) -p
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Special relativity

¢! deformation of (extended) Galilei algebra

(ot =0, {po.pi} =0,
{R/,Rk} = €k, {R/,Po} =0, {R/,[Jk} = €upi
{NjSR’N‘fR} = —€uR,, {R/-,N;ER} _ el_klNSR, {Nv;_YR R} i { ,Pk} pYR,

Csg = 2Cg +m?c* = ( SR) P

Poincaré Lie algebra SO(3, 1) =< 74 leaving invariant the metric = diag(1,-1,-1,-1)) (Minkowski)
22 _ 2 2 202
H=C—-m"c” =py—p;—m<c . = dE(p,) - oy
—  cpo(P) = E = e[ +m2c? Y1 Eom dpj P2+ m*c?
{po,xo} =1, {PO-X;'} =0, R; = guxip1
{pjsX(J} =0, {P/,xk} = =0k N; = xjpo = xop;
. _dxy
Xo = ={H.xo} =po . )
dr _ . Db -
xj (x0)p, = Xj + = (xo — Xo) »
o dx _ Po
Y=o = {Hog)=pi.

Transformation laws between observers are Poincaré (Lorentz + translations)



Special relativity

Boosts are non-commutative [NjSR ,N,fR ] = —€uRi

SLR.CY/SUR) 3 a(¢) = ¢ = exp(1€- ) = cosh(1£) 1 +sinh (1¢) -
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v=ala' — v=wl+7 0= (v,V) = (cosh(&),sinh(&)E)
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Special relativity

Boosts are non-commutative [NjSR ,NfR ] = —€uRi

SL(2,C)/SUR2) 3 a(é) = e‘;fN/' = exp(%g o') = cosh(%f) 1+ sinh(%f)f -0

Summation law of velocities is non-linear exp (§’Nj) exp (X’N,) = exp ((§ @) N,) exp (p’ & x) R,)
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— 1 1
u®v=f(ﬁ+\7+—2 Ye m(ﬁw))
l+7212-3 2y +1
(1-32) .
Maximum velocity c: oo ven -~ ®,v=c|l-2——g—— | —
(1) +(1+2)



Special relativity

Boosts are non-commutative [NjSR ,NER ] =—€uR;
SLR.CYSUQ) 3 a (@) = ¢ = exp (1€ 7) = cosh (1£) 1 + sinh (16)¢ - r
Summation law of velocities is non-linear exp (§/1\7j) exp (X’N,) = exp ((§ @) N,) exp (p’ & x) R,)
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Maximum velocity c: 0@ v, - ®,v=c 7,, —c
v
()
tanh (1&)tanh (L)€ A ¢
Thomas precession: tdn( ]p)[) M

1 + tanh (¢) tanh () & - ¢



Galilean relative rest

o In| Galilean relativity | we can say that one has relativity of “’spatial locality*

Il €z A
(t1,7) (ty, 7) Uz
_ o o q (t1,T = vyt1)
4.7
vel At ]
(t2, T — vyt2)
.
t

S ———
t

the rest is relative

We can use this scheme to describe the paradigmatic situation in which Bob is on a boat moving at velocity vy
respect to Alice, who is standing on the dock. Imagine that Alice is bouncing a ball on the dock, and that the
two points mark the position and time of two of the ball’s bounces on the ground. While Alice evidently
observes the ball bouncing at the same point in space, Bob, who is moving with velocity v, relative to Alice,

observes, in its reference frame, the ball bouncing in two different positions: if Bob is approaching the dock, for
example, Bob sees the second bounce closer then the first



Galilean relative rest

o In| Galilean relativity | we can say that one has relativity of “’spatial locality*

Z Z Y
(t1,7) (t5,7) Vr
q (t1,T — vity)
4.7
v At
(t2, T — vata)

S ———
t

the rest is relative

while time simultaneity is still absolute



SR: relative simultaneity

o In| special relativity |

2
c

invariant scale = absolute (time) simultaneity — relative (time) simultaneity.
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o In| special relativity |

2
c

invariant scale = absolute (time) simultaneity — relative (time) simultaneity.
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@ Thus one has relative space locality and relative (time) simultaneity, but still
absolute spacetime locality.




SR: relative simultaneity

o In| special relativity |

2
c

invariant scale = absolute (time) simultaneity — relative (time) simultaneity.

x

= Juys), (w2 — o))

— @vat1), 7 (21 — i)

—
TvAz

@ Thus one has relative space locality and relative (time) simultaneity, but still
absolute spacetime locality.

o There is no observer-independent projection from spacetime to separately space and time. We
can say that one “sees* spacetime as a whole.



Loss of simultaneity and synchronization of clocks

Alice and Bob, distant observers in relative motion (with constant speed), have stipulated a procedure of

clock synchronization and they have agreed to build emitters of blue photons (blue according to observers at rest
with respect to the emitter). They also agreed to then emit such blue photons in a regular sequence, with equal time
spacing Ar*. Bob’s worldlines are obtained combining a translation and a boost transformation

(Bob = 8> T » Alice),

: } Pi=Bry ; .

A68) 7 (P 2 - ),
We arranged the starting time of each sequence of emissions so that there would be two coincidences between a
detection and an emission, which are of course manifest in both coordinatizations, so to obtain a specular
description. Relative simultaneity is directly or indirectly responsible for several features that would appear to be
paradoxical to a Galilean observer (observer assuming absolute simultaneity). In particular, while they stipulated to
build blue-photon emitters they detect red photons, and while the emissions are time-spaced by Ar* the detections
are separated by a time greater than Ar*.

XA

B




Outline

@ de Sitter relativity
@ de Sitter particle in covariant Hamiltonian formalism
@ Non-commutativity of translations
@ Redshift as relative locality in momentum space



de Sitter relativity

De Sitter spacetime is a particular case of the Friedman-Robertson-Walker (FRW) solutions of
Einstein equations (with cosmological constant), in which the time dependence of the scale factor is
given by the equation for the expansion rate H = ¢ VA/3 ~ 10™"”sec™! (in comoving time)

a(t .
a® =H with H constant
a(n)
@ De Sitter relativity can be thought of as a deformation of special relativity by the introduction of
atime H™! as an observer-invariant scale.

@ The constancy of the expansion rate allows to define a class of inertial observers characterized
by the whole set of (H-deformed) spacetime symmetries (translations, rotations and boosts), i.e.
de Sitter spacetime is maximally symmetric. This is not the case for the general FRW expanding
spacetime, in which the time dependence of H breaks the invariance under time translations.
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De Sitter spacetime is a particular case of the Friedman-Robertson-Walker (FRW) solutions of
Einstein equations (with cosmological constant), in which the time dependence of the scale factor is
given by the equation for the expansion rate H = ¢ VA/3 ~ 10™"”sec™! (in comoving time)

a(t .
a® =H with H constant
a(n)

@ De Sitter relativity can be thought of as a deformation of special relativity by the introduction of
atime H™! as an observer-invariant scale.

@ The constancy of the expansion rate allows to define a class of inertial observers characterized
by the whole set of (H-deformed) spacetime symmetries (translations, rotations and boosts), i.e.
de Sitter spacetime is maximally symmetric. This is not the case for the general FRW expanding
spacetime, in which the time dependence of H breaks the invariance under time translations.

o de Sitter Lie algebra = SO (4, 1) (Bacry+Lévy-Leblond,1968,Cacciatori+Gorini+Kamenschik,2008)

2
{POij] =—=aN {NjaPO} =pj [Rj,po] =0,

2
{I’jst] = %fjklRl , [Nj,pk} = Ojkpo » {Rj,m} = €upi >

{Nj»Nk} = —6uk; . {Rj,Rk] = Ry, {Rj,Nk] = 6N

L, H>,, H?,
C=pé—pz+c—2N2—C—2R2
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De Sitter spacetime is a particular case of the Friedman-Robertson-Walker (FRW) solutions of
Einstein equations (with cosmological constant), in which the time dependence of the scale factor is
given by the equation for the expansion rate H = ¢ VA/3 ~ 10™"”sec™! (in comoving time)
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@ De Sitter relativity can be thought of as a deformation of special relativity by the introduction of
atime H™! as an observer-invariant scale.

@ The constancy of the expansion rate allows to define a class of inertial observers characterized
by the whole set of (H-deformed) spacetime symmetries (translations, rotations and boosts), i.e.
de Sitter spacetime is maximally symmetric. This is not the case for the general FRW expanding
spacetime, in which the time dependence of H breaks the invariance under time translations.
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de Sitter relativity

De Sitter spacetime is a particular case of the Friedman-Robertson-Walker (FRW) solutions of
Einstein equations (with cosmological constant), in which the time dependence of the scale factor is
given by the equation for the expansion rate H = ¢ VA/3 ~ 10™"”sec™! (in comoving time)

a(t .
a® =H with H constant
a(t)
@ De Sitter relativity can be thought of as a deformation of special relativity by the introduction of
atime H™! as an observer-invariant scale.

@ The constancy of the expansion rate allows to define a class of inertial observers characterized
by the whole set of (H-deformed) spacetime symmetries (translations, rotations and boosts), i.e.
de Sitter spacetime is maximally symmetric. This is not the case for the general FRW expanding
spacetime, in which the time dependence of H breaks the invariance under time translations.

o de Sitter Lie algebra = SO (4, 1) (Bacry+Lévy-Leblond,1968,Cacciatori+Gorini+Kamenschik,2008)
H H
{PO»P_/} =P {stPO} =pi+ N {R_/,po] =0,
H
{Pj,Pk] =0, {Nj,Pk} =0jkpo + ?EjklRl , {Rj,m} = €kIPI 5

[Nj»Nk} = —€ukR;, [Rj»Rk] = guk;, {Rj,Nk] =

H, o H?
C=py-F-2_5-N-5F



de Sitter relativity

2
de Sitter manifold: 5D hyperboloid Xg - X12 - X% - X§ - Xf =- :7

Flat (space slices) coordinates ds* = 2d* - a* (1) d¥® a(n) = e




de Sitter relativity

2
de Sitter manifold: SD hyperboloid Xg - Xl2 - X% - X§ - Xf =- ;7
Flat (space slices) coordinates ds* = 2d* - a* (1) d¥® a(n) = e
H
poxo} =1, {po.}= -, - Po.xo} =1,
phase space {pj,x[)} =0, {pj,xk} = —6p, Po = o H, {pj,xo} =0,
c =
{po,pj} =Hpj s {t,x]-} =0, {Pupj} =0,
1 — e 2t 1H,
R =6uapr,  Nj=xpo—c—p—pj= 5D

{Po,xj’} =0 N
{P/vxk} = —0jk »
{t,x/'} =0,



de Sitter relativity

ct

2
de Sitter manifold: SD hyperboloid Xg - Xl2 - X% - X§ - Xf =- ;7
Flat (space slices) coordinates ds* = 2d* - a* (1) d¥® a(n) = e
{po,xo} =1 {po x-} = —Ex- {Po,x0} = 1 {Po x~} =0
, » 2 Xj P - , , S Xj s
phase space {pj.xo} =0, {pj,xk} = —6p, Po=p H, {Pj,xo} =0, {P;‘,xk} =—0jk »
0=po— —X-
c = A=
{po.pi} =Hp;.  {rx)=0, Popf=0,  {tx)=0,
1 — e 2t 1 H
R; = €uxpr N; = xjpo — CTM - 5 ?fzpj
X
ch
C=P Mg H=C-m’c> - N7 R
< 1— e Ht
S x(t) = c———
Po (B) = [m2e2 — e 2HI R P (t) H
S0P _ e w0
op [T — ¢~ 2Hin e




de Sitter relativity

Momenta are non-commutative:

2
[pg,pj] = —I:—;Nj, [pf,pk] = IZTEJ""RI exp (a!‘p‘u) = S0(4,1)/SO(3,1)



de Sitter relativity

Momenta are non-commutative:

2
[PO»Pj] = —%va [P,f,Pk] =

In the other basis

[po.pj] = Hp;

HZ
ZGuR exp (¢pu) = SO4,1)/SO(3.1)

exp (appo) exp (@ - ) € AN3



de Sitter relativity
Momenta are non-commutative:
H? H?
[po-pi]= =N [prpi]= zeuRi exp(ap,) = SO@.1/SOG.1)

In the other basis

[I’O’P/] = Hp; exp (aoppo) exp (d - p) € AN

Summation of "position-shifts* is non-linear
()
(1) @) —(,M @ () —-Ha,”’ (2)
(a Da )#_(“0 +ag,a; +e 0 a;
n

1 — ~+DHag 2
-7 —kHap _ =
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k=0



de Sitter relativity
Momenta are non-commutative:
H? H?
[po-pi]= =N [prpi]= zeuRi exp(ap,) = SO@.1/SOG.1)

In the other basis

lPo,P/] = Hp; exp (aopo) exp (@ - p) € AN

Summation of "position-shifts* is non-linear
()
(1) @) —(,M @ () —-Ha,”’ (2)
(a Da )#_(“0 +ag,a; +e 0 a;
n

176—(n+1)Ha0 noo a
— 2 —kHap _ =
(O@laEBz‘u@,,a)—aZe 0 =g T o —>]_e_Ha0

k=0

for a translation along a massless particle’s worldline

X
c s
77 = I
o 1— e—llt a= (;T
~ z(t) = c———
S = C
D —
ct > (Oealaez~~~eana)"—>ﬁ.

L/ Cosmological horizon




Redshift as relavitve locality in momentum space
(Amelino-Camelia+Barcaroli+Gubitosi+Loret,2013)

pp---

PE—

|

po.xol =1, {po,xj} = _ng» N Po.xol=1,  {Pox}=0,
{p,-,xo} =0, {pj,xk} = =0k » Po = po - gfﬁ {Pj,Xo} =0, {Pi-xk} = —Ojk »
c — -
P.pf=0. {nx}=0,

{po.pi} = Hpy, g} =0,

po () =[] Po(B) =",



Redshift as relavitve locality in momentum space

(Amelino-Camelia+Barcaroli+Gubitosi+Loret,2013)

pj--- pg---

Pi— PE—

o 0

{po.xo} =1, {PO:Xj} = _ng» N {Po.x0} =1, {Po,xj} =0,
{p,-,xo}:(), {pj,xk}:—(?/k, Py = po - g’?ﬁ {PJ”XO}=Ov {Pi-xk}z_ jk
{PO’PJ} = Hp;, {tvxj} =0, {P"pf'} =0, {”xj} =0,
po @ =1, Po(B) =" 5],

P = exp(~Hao) p*

PE =P
tB=tA—a[) 0 0

Po = exp (=Hao) pj,

altem)
AE(del) = a =

1
——AE, = ——AE, 1= Ht
(aey) Bt = 77 Afem (a(r) = exp(H1))



Outline

© DSR theories
@ DSR example: x-Poincaré
@ Relative locality: an insight
o “lateshift” (time-delay)



DSR theories

Minimum length (Planck length) «—  Maximum energy scale
o Quantum gravity: (Planck scale)

L, = \iG/c3 ~1075m E, = \hc5/G ~ 10°¢/GeV



DSR theories

Minimum length (Planck length) «—  Maximum energy scale
o Quantum gravity: (Planck scale)

L, = \iG/c3 ~1075m E, = \hc5/G ~ 10"%¢/GeV

@ DSR (Doubly Special Relativity or Deformed Relativistic Symmetries) theories where
introduced to investigate the possibility of introducing, beside c, a
fundamental inverse-momentum scale ¢ (in Quantum Gravity ~ Planck scale:

£~ ¢/E, = \G/(c3) ~ 1071%¢/GeV) as a relativistic invariant

The requirements of DSR then are that the laws of physics involve both a fundamental velocity
scale ¢ and a fundamental inverse-momentum scale ¢, and that each inertial observer can
establish the same measurement procedure to determine the value of ¢ (besides the invariant
measurement procedure to establish the value of ¢)



DSR theories

Minimum length (Planck length) «—  Maximum energy scale
o Quantum gravity: (Planck scale)

L, = \iG/c3 ~1075m E, = \hc5/G ~ 10"%¢/GeV

@ DSR (Doubly Special Relativity or Deformed Relativistic Symmetries) theories where
introduced to investigate the possibility of introducing, beside c, a
fundamental inverse-momentum scale ¢ (in Quantum Gravity ~ Planck scale:

£~ ¢/E, = \G/(c3) ~ 1071%¢/GeV) as a relativistic invariant

The requirements of DSR then are that the laws of physics involve both a fundamental velocity
scale ¢ and a fundamental inverse-momentum scale ¢, and that each inertial observer can
establish the same measurement procedure to determine the value of ¢ (besides the invariant
measurement procedure to establish the value of ¢)

An example: k-Poincaré (Hopf algebra)  (Lukierski.Majid.90". Amelino-Camelia, Kowalski-Glikman2000")

[Pu»Pv] =0, {RjaRk} = guk, [/VJGNk} = —€uRy,
[Rj,Nk] = &N , {Rj,Po} =0, {Rj,pk} = GupI »
_ -2
(= M) = o (g 4 57 - o

2\? ¢ (k=1/6)
Cr= (E) sinh? (Epo) —erp?



DSR example: x-Poincaré

{Puypv} =0, {Rvak} = R, {Nf,Nk} =—€uR;,
{stNk} = euNi, {Rj,po} =0, {R/.Pk} = €upi »

_ 2
{N;‘,Po} =pj, {Nj,[?k} = 5jk( l ;t’ © 4 gﬁz) = {pipr »

2
Cr = (%) sinh? (gpo) — efro?



DSR example: x-Poincaré

{Puypv} =0, {Rvak} = R, {Nf,Nk} =—€uR;,
{stNk} =guNi, {Rj,po} =0, {R/.Pk} = Gupi

_ 2
{N;‘,Po} =pj, {Nj,[?k} = Ojk (% + gﬁz) = {pipr »

2
C = (%) sinh? (gpo) — efro?

phase space {po,x0} =1, {Po,x/} =0, {xj,xo} = lx;, {x,»,xk} =0
(k-Minkowski) {Pj,XO} = 7[1;/- s {Pjsxk} = =0k , ("Heisenberg principle in spacetime*)
1—e2P0 ¢ N
R; = €uxepi N; = =xopj +xj(T + EPZ)



DSR example: x-Poincaré

{Puspv} =0, {R/'»Rk} = R, {Nf,Nk} =—€uR;,
{stNk} = guNi , {stpo} =0, {R/.Pk} = €pi 5
1 -0 2
{N,',Po} =pj, {Nj,[?k} = Ojk (27 *17 ) tpipx »

2
Cr = (%) sinh? (gpo) — efro?

phase space {po,x0} =1, {PO,X/} =0, {xj,xo} = lx;, {x,»,xk} =0
(k-Minkowski) {p_,-,xo} = 7{717/- s {pj,xk} = —0jk , ("Heisenberg principle in spacetime*)
1—e2r0 ¢
Rj = €uxipi N;j = —xopj +xj(T + EPZ)
Free particle H =C—-m*ct — py(P) 0o ln( €|p|)
7
v=c Po@ = 0 — cexp (£po)

o



DSR example: x-Poincaré

{P;upv} =0, {R/'»Rk} = R, {Nf,Nk} =—€uR;,
{stNk} =guNi, {stpo} =0, {R/.Pk} = Gupi
1 -0 )
{N,',Po} =pj, {Nj,[?k} = Ojk (27 *17 ) tpipx »

2
Ce= (%) sinh? (gpo) — efro?

phase space {po,x0} =1, {PU,X/} =0, {xj,x(]} = lx;, {x,»,xk} =0
(k-Minkowski) {[]_;,XO} = 7{717/- s {pj,xk} = —0jk , ("Heisenberg principle in spacetime*)
1—e2r0 ¢
Rj = EkXkP1 » Nj = —Xopj +xj(T + EPZ)
Free particle H =C—-m*ct — py(P) 0o ln( €|p|)
7 =0
v=c2 g@ 22 cexp(tpo)

[xj,xo] = {x; — exp (poxo) exp (pjxj) € ANY
Summation of momenta: .
P ®q), = (po +qo.p; + e 0p;)

o0 1
Maximum energy/momentum O@1p® -+ ®up) = |l7| ,gpo =



Relative locality: an insight

We don’t actually “see” spacetime, but we “see”
(detect) time sequences of particles, and then abstract
spacetime by inference:

We actually “see” (detect) only what we locally witness



Relative locality: an insight

Think to the Einstein clock
- inference

We don’t actually “see” spacetime, but we “see”
(detect) time sequences of particles, and then abstract
spacetime by inference:

inference

t
detection

We actually “see” (detect) only what we locally witness



Relative locality: DSR theories

@ | DSR theories |:

invariant (inverse-momentum) scale ¢
= absolute spacetime locality — relative spacetime locality

(T+ (. |ps], & = by, po)
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Relative locality: DSR theories

@ | DSR theories |:

invariant (inverse-momentum) scale ¢
= absolute spacetime locality — relative spacetime locality

(T+ (. |ps], & = by, po)

T (t+ Cbpr|, @ — bay p1)

b, | Ap|

o There is no observer-independent projection from a one-particle phase space to a description of
the particle separately in spacetime and in momentum space.
We thus can say that one “’sees‘ phase space as a whole.



“Lateshift (time-delay)

- -
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dxo ’ dX(] m=0 '
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“Lateshift (time-delay)
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Outline

@ Galilean relativity in covariant Hamiltonian formalism
@ Covariant Hamiltonian formalism
o Galilean relativity

© Special relativity as a deformation of Galileian relativity
@ Poincaré algebra
@ Relative rest and relative simultaneity
@ Loss of simultaneity and synchronization of clocks

@ de Sitter relativity
@ de Sitter particle in covariant Hamiltonian formalism
@ Non-commutativity of translations
@ Redshift as relative locality in momentum space

© DSR theories
@ DSR example: «-Poincaré
@ Relative locality: an insight
o "lateshift” (time-delay)

@ Outlook



Outlook

@ Phenomenological opportunities: Testing Planck-scale in-vacuo dispersion relation (time
delays) with gamma-ray-bursts and IceCube astrophysical neutrinos
(Amelino-Camelia+D’ Amico+Loret+G.R.,Nature Astrophysics 1(2017))

E E
At = nx—D(z) = 6x —D
nx £ (2) = 0x Er ()

D(z)=fzd§ 1+
0 Hy \/QA+(1 +§)3Qm

@ DSR-de Sitter and DSR-FRW scenarios
(G.R.+Amelino-Camelia+Marciano+Matassa,PhysRevD92(2015))

o Relative locality in DSR theories
(Amelino-Camelia+Matassa+Mercati+G.R.,PhysRevLett106(2011))
(Amelino-Camelia+Arzano+Kowalski-Glikman+G.R.+Trevisan,ClassQuantGrav29(2012))

o Relative locality in Snyder spacetime
(Mignemi+G.R.,(2018))
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